Prediction of aboveground biomass, particularly at large spatial scales, is necessary for estimating global-scale carbon sequestration. Since biomass can be measured only by sacrificing trees, total biomass on plots is never observed. Rather, allometric equations are used to convert individual tree diameter to individual biomass, perhaps with noise. The values for all trees on a plot are then summed to obtain a derived total biomass for the plot. Then, with derived total biomasses for a collection of plots, regression models, using appropriate environmental covariates, are employed to attempt explanation and prediction. Not surprisingly, when out-of-sample validation is examined, such a model will predict total biomass well for holdout data because it is obtained using exactly the same derived approach.
the uncertainty in individual tree volume predictions can have significant effects on large-area volume estimates of uncertainty. Schliep et al. (2016) develop a model for derived total biomass using plot-level covariate data. They model derived total biomass statically at two time points and predict the change in total biomass by differencing.
Our contribution is a process-driven model specification for the observed set of tree diameters at breast height (henceforth diameter) on a plot of a given abundance (the number of trees on the plot). When plots are all of equal size, abundance is equivalent to plot density. We observe a random number of trees and, for each, an associated diameter. Our process-driven model incorporates density dependence, acknowledging that, in addition to the environmental covariates for the plot, the number of individuals on the plot is needed to explain the distribution of diameters on the plot. From a model for diameters, we can obtain predictive distributions for individual-level biomass and plot-level total biomass post-model fitting.
To illustrate the importance of density dependence in modeling total biomass, we offer an illustration comparing our process-based approach with a regression model for total biomass. Predictors include plot-specific covariates such as stand age, mean annual temperature, soil moisture, deficit and possible interactions. For the process-based model, we obtain a posterior predictive distribution of total derived biomass given the observed data, that is, given the numbers of individuals on each plot and the associated set of diameters. For the regression model, it is unclear exactly what "data" we should use for model fitting, again demonstrating our discomfort with this approach and the difficulty of objective comparison via a data set. Should we use derived noiseless total biomass? If we add noise, then inference depends upon which set of realizations of derived biomass are used. Again, this seems to argue for a model to explain what is observed, the abundances and the associated sets of diameters. In any event, for the regression in the comparison below, we generated 100 noisy total biomass datasets and summarize the inference based upon their compilation. Figure 1 shows predictive distributions of total biomass for two out-of-sample plots using the regression model and the density-dependent model proposed in this work. These two plots are examples of the scenario where similar total biomass (vertical lines at approximately 120 t/ha) results from different combinations of density and tree diameters. Plot 1 has high plot density with 750 trees relative to plot 2 with 507 trees. The predictive distributions from both models agree on the predictive median of total biomass, but disagree on the uncertainty because the regression model has no information on plot density. The predictive distribution from the model developed here has low uncertainty at high plot density. In addition to improved inference associated with the process model, our approach benefits from information on both tree density and diameters. Explicit comparison of the predictive distributions of biomass using the regression model and the densitydependent model proposed in this work is given in Section 4.3.
FIG. 1. Predictive distributions for derived total biomass for two out-of-sample plots using a regression model (solid curves) and the density-dependent model (dashed curves) developed here. Plot 1 (grey) has 750 trees, whereas plot 2 (black) has 507 trees. The two plots have similar median total biomass, denoted by the vertical lines, despite having different plot densities. The uncertainty in the predictive distributions from the regression model is the same for the two plots, but differs for our model.
Unlike the traditional approach, the process-driven model for the densitydependent sample of diameters is generative. At the first stage we specify a Poisson distribution for the number of trees on the plot. At the second stage we assume conditionally independent diameters where the distribution for the diameters depends upon the number of trees observed on the plot. More precisely, the observable data will be of the form {N i , X i , W i , i = 1, . . . , I }, where N i is the number of stems observed on plot i, X i = {X i,1 , . . . , X i,N i } is the observed set of diameters, and W i are plot-level covariates. Because each sample plot in our analysis has the same area, we refer to N i as the density of plot i, which is abundance per plot area. We model N i given W i as Poisson distributed. Then we model the N i diameters to be conditionally independent (see below in this regard). Using bracket notation for distributions, when we condition on N i , this takes the form
The modeling is presented in full detail in Section 3.
Typically, estimates of biomass are needed for larger areas than represented by a sample plot. For example, a Forest Inventory and Analysis (FIA) plot in the eastern United States is too small to be of general interest due to the sporadic occurrence of large trees in such small plots. Forest biomass is typically reported at the more relevant scale of metric tons per hectare (t/ha), despite the fact that there are not even derived biomasses at the hectare scale. We indicate how our modeling approach can be used to scale biomass prediction from smaller plots to the hectare scale. Large variance in biomass is expected from small plots due to the considerable variability in the number of individuals on these plots and the resultant implications of density dependence on diameter distribution. However, such uncertainty would not apply to larger areas.
In Section 2 we summarize the national Forest Inventory and Analysis (FIA) program data used in these analyses along with plot-level covariates. In Section 3 we outline the density-dependent distribution model for diameters. We specify the model, provide model inference on diameters, and formally investigate the behavior of total biomass at the plot level as a function of observed plot density. We define the first-stage Poisson distribution for the number of trees observed in Section 4 and investigate the behavior of plot biomass conditionally and marginally with respect to N . We also formalize the regression approach to biomass. Then, upon marginalizing our model, we can explicitly show the difference between predictive distributions for total biomass. In Section 5 we apply the density-dependent model to predict biomass at the hectare scale. We conclude in Section 6 with a summary and directions for future work.
FIA and climate data.
We analyze data obtained from FIA plots in the eastern United States, consisting of 23,028 plots and roughly 1 million trees. Due to various management and harvesting efforts across the region, only plots that were coded as "natural stands" in the FIA database were used in the analysis. Natural stands are defined as those which have no clear evidence of artificial regeneration. Between 1997 and 2011, each plot in the region is surveyed twice. In this analysis, we used the second survey. Stand age is included in the FIA data and is used in the model as a plot-level variable.
FIA applies a nationally consistent sampling protocol using a quasi-systematic design covering all ownerships across the United States, resulting in a national sampling intensity of one plot per 2428 hectares [Bechtold and Patterson (2005) ]. An FIA plot consists of four circular subplots each having a radius of 7.32 meters (m). The distance between subplot centroids is 35.58 m. The aggregate area of the four subplots is 673.34 m 2 or ≈0.067 hectares (ha). Trees greater than 12.7 centimeters (cm) in diameter are included in the survey. Stems less than 12.7 cm are measured in subsets of subplots, but they contribute little to biomass per plot. Therefore, the analyses presented here contain only measurements of stems greater than 12.7 cm. We consider the observed plot density and the sample of diameters to include trees observed on all four subplots.
The covariates included in our model are stand age, mean annual temperature, soil moisture and hydrothermal deficit. Stand age affects the distribution of diameters and productivity [Camarero et al. (2015) ]. The Moderate Resolution Imaging Spectroradiometer (MODIS) 1 and Parameter-elevation Regressions and Independent Slopes Model (PRISM) 2 were used to derive climate variables that can have important impacts on forest growth [Brzostek et al. (2014) ]. Specifically, we used 20-year climate normals for the years 1990-2010 for mean annual temperature. Hydrothermal deficit is a regional climate variable that summarizes the intensity and duration of stress caused by moisture. It is calculated as the number of degree hours accumulated for months with a negative water balance. While we recognize that there is uncertainty in these model-obtained covariates, there is also uncertainty in both the climate that a plot experiences and how it responds to climate, and this uncertainty is unknown. Since there is no way of determining whether they are relevant for plots, the climate variables provide a rough index and are assumed error-free. Soil moisture is obtained from the FIA soil quality database 3 and is based on land form, topographic position, and soil.
3. Density-dependent diameter distributions and their implications for biomass prediction. Following the Introduction, we propose a generative model in the form Suppressing i and the covariates, we make the assumption that diameters are conditionally independent given N . Thus, we only need to specify a diameter distribution of the form [X j |N, θ x ] after which the joint distribution for the diameters becomes {X j ∈X } [X j |N, θ x ]. With regard to the conditional independence assumption, while tree diameters may be spatially dependent, we only have a collection of diameters with no spatial referencing. We have no information upon which to attempt to model dependence between the observed diameters. It is the case that geo-coded locations of individuals are available for some FIA plots, but, since the plots are small and are comprised of four noncontiguous subplots, modelbased dependence between individuals seems beyond our ability to assess. The remainder of this section is devoted to exploring the behavior of biomass under a density-dependent diameter distribution.
The general intuition associated with density dependence is that, with increasing N , we expect small trees and less variation in tree diameters, or, with N decreasing, larger trees are expected with more variability in tree diameters. Again, the data consist of a set of tree diameters for each plot over a collection of plots all of the same plot area. To avoid specifying an upper bound on the diameter, that is, for a model defined over [0, ∞] , a natural choice is the Gamma distribution. Ignoring covariates for the moment, consider a Gamma(α, β) distribution. Suppose that α is free of N but β depends on N , that is, β(N). Then, if β(N) is increasing in N , it is immediate under the Gamma distribution that we will achieve the desired behaviors for [X|N] . For example, suppose
3.1. Assessing the Gamma model. Here, we assess the performance of a Gamma distribution model for tree diameter. Because some data sets have a minimum sampling diameter, a left truncation may be appropriate. If so, then one could
where L is the lower threshold for diameter. The sample of truncated diameters for plot i, X i , given plot density and covariate information, is modeled using a Gamma regression model; that is, for diameter
Here, α is specified globally and β i is a plot-specific parameter given a regression form. The regression model is specified as
where δ controls the amount of density dependence exerted by N i , ν i is a plot random effect, W i is a set of plot-level covariates, and φ is a vector of coefficients. Again, the diameter distribution is expected to be concentrated at small values when plot density is high and more diffuse across diameters when plot density is low. Alternative specifications are possible. However, the choice above captures expected behavior and fits the observed diameter data well. Inference for the Gamma regression model is obtained in the Bayesian framework. To complete the Bayesian specification, we assign prior distributions to the remaining model parameters and obtain posterior inference using Markov chain Monte Carlo (MCMC). Conjugate, weak priors are assigned when possible. The shape parameter of the Gamma distribution, α, is assigned a vague Gamma prior with shape = 1 and rate = 1/2. The parameter δ, which controls the behavior of the distribution of individual diameters as a function of plot density, is assigned a noninformative normal prior distribution with mean 0 and variance 100 2 and φ ∼ MVN(0, 100 2 I p ), where p is the number of covariates in W i and I p is a p × p identity matrix. The plot random effects are modeled as ν i for i = 1, . . . , I . We assign μ ν and σ 2 ν conjugate, noninformative prior distributions, where μ ν ∼ N(0, 100 2 ) and σ 2 ν ∼ IG(2, 2). This specification is a form of hierarchical centering [Gelfand, Sahu and Carlin (1995) ] to enhance convergence of the sampling algorithm. The MCMC algorithm is a Metropolis-within-Gibbs algorithm where the parameters α, δ, ν i and φ are each updated using a MetropolisHastings step, and μ ν and σ 2 ν are sampled directly from their full conditional distribution.
Of the 23,028 plots in the FIA dataset, 90% were used for model fitting, and the remaining 10% were used for out-of-sample prediction. Stand age, mean annual temperature, soil moisture, and hydrothermal deficit were included as plot-level main effects in the model, each of which is centered and scaled. We also included a quadratic term for stand age to allow for nonlinear relationships. Interactions included in the model were stand age × moisture, stand age × deficit, moisture × deficit, and temperature × moisture. Because FIA omits trees with diameters less than 12.7 cm, diameters were truncated at this value.
We fitted the Gamma regression model to the FIA data given the N i s and W i s. The MCMC was run for 20,000 iterations. The first 10,000 iterations were discarded as burn-in. Due to the conditional independence of diameters on a plot and the linear structure of the model, issues of convergence for the MCMC are not anticipated. Standard diagnostics, such as the Gelman and Rubin R statistic, confirm this. Table 1 gives the posterior mean and 95% credible interval estimates for the Gamma model parameters. The posterior mean estimate of δ is 0.24, indicating that the distribution of diameters is more concentrated at small values when N is large. Negative regression coefficients indicate that diameter is increasing with increases in the covariate, whereas positive regression coefficients indicate that diameter is decreasing with increases in the covariate. Therefore, in general, diameter is increasing with stand age for young stands and decreasing with stand age for old stands. Additionally, the distribution of diameters is more concentrated at small diameters for stands with high temperature, low moisture, and low deficit. Figure 2 shows the posterior mean distribution of diameters with the observed samples for three randomly chosen plots representing low plot density, moderate plot density, and high plot density. The posterior mean distribution of diameters is obtained by averaging the Gamma density functions across 1000 draws from the posterior distribution of α and β i for each plot. In each, the fitted distribution appears to capture the observed diameters. The diameter distribution for the high density plot with 83 stems is very concentrated at small values, whereas the plots with fewer stems have much broader distributions to match their observed empirical behavior. Figure 3 shows the posterior mean predictive distribution of diameters with the observed diameter samples for three randomly selected out-of-sample plots, again representing low, moderate, and high plot density. These figures show that the
FIG. 3. Posterior mean predicted Gamma densities for three random out-of-sample plots with observed diameters.
model predicts out-of-sample reasonably well. In particular, the high density plot with N = 103 stems is highly concentrated around smaller values, matching the empirical set of diameters for the plot.
3.2. The behavior of biomass. To obtain a derived biomass for a tree, we use an allometric model, which transforms a diameter to biomass. The literature here is substantial [e.g., Henry et al. (2013) , Jenkins et al. (2003) , Lambert, Ung and Raulier (2005) , Picard, Saint-André and Henry (2012), Whittaker and Woodwell (1968) ]. We work with the widely used allometric form aX b . More precisely, for each random diameter, we create the random variable Y = aX b , where a and b are known allometric coefficients. For now, assume these coefficients are the same for all species. We can interpret Y as the noiseless derived random tree-level biomass associated with the random diameter, X. In practice, this will not be the actual biomass because there is error in the allometry. If we write the allometric model on the log scale, it is customary to introduce error additively (and independently), yielding log(Y ) = log(a) + b log(X) + . Variances for have been extracted [Jenkins et al. (2003) , Lambert, Ung and Raulier (2005) , Molto, Rossi and Blanc (2013) , Ung, Bernier and Guo (2008) ] from the limited data collected on trees from allometric studies. The coefficient of variation, defined as √ var mean , is one such metric for reporting uncertainty and discussed with regard to total derived biomass in Chave et al. (2004) and Chave et al. (2014) . Uncertainty at the tree level has been investigated in terms of measurement error, allometric model specification, the sampling protocol of stems in a plot, and the representativeness of small plots for a forest landscape [Chave et al. (2004 [Chave et al. ( , 2014 ]. Therefore, on the original scale, we might specify Y = aX b e with lognormal error e = exp . We will refer to such Y s as noisy tree-level biomasses. Under the Gamma model specified above for diameter, we are interested in the implications for mean and variance of biomass as N grows large, that is, the 
. As a function of plot density, we therefore anticipate various "large" N behaviors for mean, variance, and CV of total derived biomass. 4 In particular, if bδ < 1, then we expect to see increasing total derived biomass in N , while if bδ > 1, we expect decreasing total derived biomass. The latter is not a contradiction. With increasing plot density, we expect smaller trees on average, and thus total derived biomass need not increase with N . Similar remarks apply to the variance in total derived biomass. Now, if 2bδ < 1, variance increases in N , but if 2bδ > 1, variance decreases in N . As N increases, we expect plots containing smaller trees with less variability between the plots. Interestingly, for the CV, we expect O(N −1 ) behavior regardless of δ.
The analysis of the previous section suggests estimates for δ with regard to the diameter distribution. The allometry suggests estimates for b. Together, we can infer about the mean and variance behavior of total derived biomass as a function of plot density, N .
Returning to the case where error is introduced in the allometry, if e is independent of X (and the distribution of e does not depend upon N ), then the order results are unaffected by including e. However, it is often assumed that the errors depend upon X such that bigger diameters produce bigger errors in the allometry. This suggests Var(e) to be of the form τ 2 (X) where, say, τ 2 (X) = X ψ τ 2 with ψ > 0. Now, E N (Y ) = aE(E e|X (X b e)) will still be O(N −bδ ) with, say, E(e) = 1. How-
Here, the first term will be O(N −(2b+ψ)δ ), while the second will be O(N −2bδ ). Since ψ > 0, the order of the variance will still be O(N −2bδ ). Evidently, the order behavior of CV will also be unchanged.
In the literature, other allometric forms exist, for example, log(Y ) = b 0 + b 1 log(X) + b 2 (log(X)) 2 . Alternatively, sometimes tree height, h, is introduced (though it is acknowledged that height is less accurately measured and less affected by competition than diameter) to yield a form log(Y ) = a(X 2 h) b ; that is, biomass is derived from the volume of the trunk. A long list of allometric forms relating the variables is supplied in the GlobAllomTree manual (http://www.globallometree. org/media/cms_page_media/6/tarifs_en_web_May23_1.pdf) in Table 5 .1, page 105. Similar large N calculations to the above can be attempted for some of these allometric forms.
Predicting total biomass.
We employ the allometric model that depends only on diameter such that
where has mean zero normal error with constant variance that is independent of X and N . Here, X is diameter given in centimeters (cm) and Y is noisy biomass given in kilograms, which we convert to metric tons (t). In the FIA data for natural stands in the eastern United States, hardwoods are the most common and, among them, hard maple/oak/hickory/beech are the most prevalent species group. For this species group, Jenkins et al. (2003) provide coefficient estimates of log(â) = −2.0127,b = 2.4342 and a variance estimate of 0.0559. These allometric model estimates are used in the remainder of this work for all biomass calculations. Estimates of total biomass at the plot level tend to increase as N increases, as well as uncertainty, although the rate of the increase decreases with N . Figure 5 shows the behavior of E N (B), Var N (B), and CV N (B) as N increases. The asymptotic behavior of both the mean and variance of biomass are computed using the posterior mean estimate of δ. To capture sensitivity to b, we show the behavior using the minimum and maximum species group-specific coefficient estimates,b, of the allometric models in Jenkins et al. (2003) corresponding to the species groups in the FIA data. Specifically, the coefficient estimates used arê b = 2.2592 and 2.4835, which are for cedar/larch and mixed hardwood, respectively. In terms of asymptotic behavior, there is little difference due to the allometry coefficients. Because δb < 1, the order of E N (B) increases with N , whereas since 2δb > 1, the order of Var N (B) is decreasing in N . Thus, for large N , the increase in expected total biomass at the plot level that results from adding a tree to a plot more than offsets the decrease in expected total biomass at the plot level as a result of the negative shift in the density-dependent diameter distribution. This difference between the increase and decrease, however, decreases with N . Table 1. the form
is the conditional distribution of plot density, N i , given covariate information, W i . We specify a Poisson regression model with plot specific intensity,
The regression model is defined with random effect, η i , and coefficient vector, θ . Since the N i are given, the model for plot density and the model for diameter in (4.1) can be fitted separately.
4.1. Marginalizing over N . In practice, we want to predict total biomass for a plot of a particular size experiencing a particular set of environmental covariates. To address this, we would not specify an explicit number of trees on the plot. Rather, given a distribution for the number of trees, N , we would marginalize over N to obtain predictive distributions for (marginalized) plot-level biomass. Formally, in the previous section we considered [B|N, W, α, δ, ν, γ ] . Now we investigate [B|W, α, δ, ν, γ , η, θ 
We are interested in the behavior of total biomass given the model parameters; we are not marginalizing over the model parameters as we would do in predictive inference. Figure 6 shows the distribution of total biomass conditionally (given N ) and marginally for three constant values for λ in (4.2). The covariates, W, and random effect, ν, in the Gamma regression model have been set to their centered values, and α and δ are set to their posterior mean estimates (Table 1) . For each value of λ, the distribution of total biomass is shown conditionally for three plausible values of N . The distribution of total biomass depends on N both in terms of the number of trees on the plot and the distribution of diameters.
For each value of λ, the marginal and conditional distributions are similar when N = λ. However, the variance of the marginal distribution is larger than the variance of the conditional distribution and the difference decreases with λ. When N < λ, the mean of the conditional distribution of total biomass tends to be less than that of the marginal distribution, while when N > λ, the mean of the conditional distribution of total biomass tends to be larger. Additionally, the mean of total biomass increases with N and, for large N , the variance in total biomass decreases with N , which agrees with the asymptotic theory presented in Section 3.2.
Poisson model inference.
We assign prior distributions to the model parameters in (4.2) and obtain posterior inference. The plot random effects are mod-
, where μ η ∼ N(0, 100 2 ) and σ 2 η ∼ IG(2, 2). The coefficient vector θ is assigned MVN(0, 100 2 I p ).
The model is fitted using the same 90% of FIA plots as in Section 3. We obtain posterior samples using MCMC. The chains are run for 20,000 iterations, and the first half are disregarded as burn-in. Standard diagnostics resulted in no issues with convergence. Table 2 gives the posterior mean and 95% credible intervals for the parameters of the plot density model. The estimates of θ indicate that, in general, the number of stems on a plot is increasing with temperature, moisture, and stand age for young stands, while decreasing with deficit and stand age for old stands.
Predictive distribution of total biomass. For a new plot with covariates
W new , we consider the predictive distribution of total biomass, B new . Let P and model, respectively, defined in the previous sections. The predictive distribution of stand density, N new , is of the form
Then, given N new , the density-dependent predictive distribution of truncated diameters X new,j for j = 1, . . . , N new can be written
From this, we can derive the predictive distribution of individual biomass, Y new,j , using the allometric model (3.5), and total biomass for the stand, B new , by sum-
Marginalizing over N new , the predictive distribution of total biomass becomes
Inserting the above predictive distributions, we obtain the marginal predictive distribution of total biomass as
where
The regression model discussed in the Introduction which uses derived total biomass as the response variable can also be used to obtain predictive distributions of total biomass. Letting R denote the parameters of the regression model, the model for total biomass can be written in the form i [B i |W i , R ]. With a prior on R , we obtain [ R |{B i }, {W i }] and the predictive distribution of biomass for a new plot as
The predictive distributions for B new shown in (4.3) and (4.4) are functionally very different and will be different in practice as well (Figure 1 ).
5
. Biomass prediction at the hectare scale in the eastern US. Prediction of biomass at the hectare scale, for example, metric tons per hectare (t/ha), is of interest because it represents an area large enough to depict a range of diameter classes. Shugart, Saatchi and Hall (2010) highlight that aggregating from 0.1 ha plots to 1 ha plots provides a significant amount of variability reduction in biomass inference. FIA plots are small, yielding inference too noisy for developing conservation and management decisions. Note that the scaling is additive; that is, we infer about biomass for a plot of area k|A| from plots of area |A| by summing the biomass of k independent plots of area |A|. In particular, since FIA plots are approximately 0.067 hectares, summing over 16 plots will give us predictive biomass at roughly one hectare scale.
5.1. Estimation at the hectare scale. We create aggregate one hectare area observations of tree densities and diameter distributions using k-means clustering. The FIA plots are clustered based on stand age and the climate variables introduced in Section 2. The result of k-means clustering is a partition of n observations into k clusters which minimize the distance in covariate space between each observation and the cluster mean. Using this algorithm, we created 500 clusters, of which 483 had 16 or more FIA plots. We then approximate hectare area observations by combining 16 FIA plots (yielding 1.072 ha) from a cluster. When clusters contain many plots, we can create multiple one hectare areal units per cluster. Upon truncation, the observed set of diameters become an aggregated sample of diameters on R + ; that is, they consist of the total number of trees, again referred to as plot density, and the empirical diameter distribution for the roughly one hectare areal unit. Since the clustering is done in covariate space, the covariates within each set of 16 FIA plots will be very similar. The covariates at the hectare scale are computed as the mean of the 16 FIA plot-level covariate values.
5.2. Results. The clustering described above resulted in 1212 hectare area plots, where 1090 were used for fitting the model and the remaining 122 were withheld for out-of-sample prediction. Parameter inference was obtained using MCMC. The model was run for 50,000 iterations, and the first 10,000 were discarded as burn-in.
Predictive distributions of total biomass are obtained from the density-dependent diameter distribution model as outlined in Section 4.3. Figure 7 shows boxplots of the posterior predictive distribution of total biomass for 20 randomly chosen out-of-sample hectare plots. The bounds of the 95% credible intervals of the predictive distributions are also shown. The × indicates the noiseless derived total biomass computed by applying the error-free allometric model to the observed diameters for the hectare plot and summing over all trees.
We present estimates of total biomass over climate space in Figures 8 and 9 . Posterior mean estimates and pointwise 95% credible intervals are shown in Figure 8 versus each of the covariates, assuming all other covariates are at their average value. The range of values along the x-axis spans the range of the variable in the observed data shown by the histogram. These figures indicate that total biomass is increasing with stand age for young stands and decreasing with stand age for old stands. Total biomass is also increasing with temperature while decreasing with deficit. Finally, we anticipate a very small increase in total biomass with moisture.
In Figure 9 , mean estimates of total biomass are shown for varying levels of covariates bivariately, again where all other covariates are at their average value. The × on each plot shows the observed covariate pairs. The left panel shows stand age versus deficit, indicating that, when all other covariates are average, total biomass is largest for moderately old stands with small deficit. The effect of stand age appears stronger than deficit since the increase in total biomass is greater in the horizontal direction than the vertical direction. For moderately old stands, total biomass doesn't appear to vary significantly across moisture levels. The third panel shows deficit versus standardized moisture. This reveals that, for average stand age and temperature, total biomass is greatest when deficit is low and moisture is high. Similarly, for average stand age and deficit, total biomass is greatest when temperature is low and moisture is high. However, the variability in total biomass for the interactions between deficit and moisture and temperature and moisture are small relative to the interactions with stand age. covariates are at their average value (set equal to 0), the expected number of trees per hectare is exp 6.228 = 507. In terms of the main effects, when all other covariates are at their average value, the number of trees per hectare increases with stand age for young stands and decreases with stand age for older stands. The number of trees per hectare also increases with temperature and moisture but decreases with deficit. The interactions indicate that older plots will have more trees when both deficit is low and moisture is high. Additionally, the decrease in expected number of trees resulting from high deficit will be less for plots with high moisture.
Under the Gamma regression model, diameter increases with stand age for young stands and decreases with stand age for older stands. Diameter also increases with temperature and moisture and decreases with deficit. The negative effect of deficit on tree diameter is less for younger stands than older stands. Additionally, the positive effect of moisture is greater for younger stands, stands with less deficit, and stands with greater temperature.
6. Summary and future work. We have developed a plot-level processdriven model for the observed number of individuals and the associated set of diameters. Prediction of total biomass is achieved a posteriori using allometric models. Ecological theory suggests that the distribution of diameters should be density dependent, and thus, is incorporated into our modeling. Through simulation and real data, we have demonstrated the inference performance of our total biomass prediction. Usual regression models for total biomass may be unsatisfying since they are fitted to derived, not observed, total biomasses. Moreover, these models are unable to use the available observed plot-level information in their specifications.
As future work, for diameters having associated species labels, we will build species-specific density-dependent models. We will obtain predictions of total biomass by summing over individual biomass predictions from species-specific allometric models [see, e.g., Jenkins et al. (2003) , Lambert, Ung and Raulier (2005) ]. In application, many species groups will not be present on many plots. However, if some species groups tend to present larger trees while others tend to present smaller trees and if there is consequential variation in the allometric models, then common allometry may not predict total biomass well.
We briefly outline a strategy for addressing this problem with just two species groups, retaining the modeling framework developed in Section 3 above. Now, for every observed diameter X i,j we have a binary variable, S i,j , indicating which of the two species groups is associated with this diameter. As a result, we add a logistic regression modeling stage for S i,j , where P (S i,j = 1) depends upon the diameter, X i,j , in addition to N i and W i . Again, biomass is predicted post-model fitting. Now, given N and W, we first sample an X. Then we sample an S given X and obtain a biomass, Y , according to the allometry determined by S. By summing over the N Y s, we obtain a predicted total biomass.
Another interesting future question is whether it is sensible to introduce expected density dependence rather than observed density dependence into the diameter distribution model, that is, replacing [X i,j 
There is considerable variability in the N i s but much less in the E(N i )s. Using the latter, less variability in predicting biomass will accrue, but the predictions may not be well centered.
Finally, an important ecological issue is change in biomass, so-called productivity, particularly in response to change in climate. We will attempt to modify our modeling to provide prediction for change in total biomass at various temporal scales.
